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CONTROLLABILITY OF PROCESS DESCRIBED BY LINEAR SYSTEM OF
ORDINARY DIFFERENTIAL EQUATIONS

S.A. AISAGALIEV?, IL.V. SEVRYUGIN!

ABSTRACT. In this article we offer new methods for constructing the program and position
control for processes described by linear ordinary differential equations with phase and integral
restrictions and boundary conditions. We describe an algorithm for solving the optimal control
problem. In this work we show existence for solution of a controllability problem. If the problem
has a solution we describe methods for constructing the optimal control .
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1. INTRODUCTION

Controllability theory takes its beginning in work of R.E. Kalman [7]. He has constructed a
control with minimal norm and obtained ranking criteria of controllability for linear systems with
fixed parameters. Solution of the controllability problem based on the [-problem of moments
was offered by N.N. Krasovskiy [9]. Certain issues of controllability: the smallest dimension of
the control vector, controllability of nonlinear systems with a small parameter, controllability
of linear systems with aftereffect have been studied in works [5, 12]. An introduction to modern
linear control theory is given in [6].

In recent years there appered many scientific articles dedicated to the problems of controlla-
bility and optimal high-speed performance of dynamical systems. Synthesis of position control
for linear dynamical systems with using of the functions of Lyapunov is proposed in [3]. A
geometric approach for solving the controllability problem of nonautonomous linear systems is
studied in [11]. Approximate solution for optimal control of linear systems with a quadratic
performance index using the differential transformation method is given in [10].

The problem of controllability is closely connected to the solution of stabilization problems
of dynamical systems. In one [4] considered the problem of stabilization for zero equilibrium
state of bilinear and affine systems in canonical form. Minimum stabilizers for linear dynamical
systems are studied in [8]. Problem of design of static output feedback controllers for stationary
linear systems with continuous and discrete time are reviewed in [2]. In the mentioned works
[2-11] one studied only special cases and not the general case. At the moment there are some
urgent problems of optimal control that are not solved yet:

1) it is necessary to find necessary and sufficient conditions for the solvability the general
problem of optimal control and high-speed performance

2) build constructive method for solving of the general problem of controllability and high-
speed performance for ordinary differential equations.
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2. STATEMENT OF THE PROBLEM

Consider the processes described by linear ordinary differential equations

&= A(t)x + B(t)u + u(t), t € I = [to,t1], (1)
with boundary conditions
(z(to) = o, x(ty) = 1) € Sy x S1 = S C R*", (2)
with phase restrictions
z(t) € G(t); Gt) ={z € R"/ w(t) < L()x + I(t) < p(t),t € I}, (3)
and integral restrictions
gi(z,u) < ¢j, j=1,m; gj(z,u) = ¢, j=mi+1,my, (4)
t
gj(:v,u):/[< aj(t),xz >+ < bj(t),u >|dt, j =1,ma, (5)
to

with the constraint on the control value
u(t) e U(t) = {u(:) € Lo(I, R™)/ u(t) € V(t) C R™ a.e. t € I}. (6)

where A(t), B(t) - matrices of n x n, n x m orders respectively with piecewise continuous
elements, Sy, S1 - given bounded convex closed sets, L(t), t € I - given matrix of s X n order
with piecewise continuous elements, (), ¢t € I - a known vector-function s x 1 with piecewise
continuous elements, w(t), ¢(t), t € I - given continuous vector-functions s x 1, a;(t), b;(t),
J = 1,mq given piecewise continuous vector-functions of n x 1, m x 1 orders respectively, c;,
j = 1,mg - known constants, V' (t), t € I - given convex closed set in R, U = U(t), t € I - given
closed convex set of Lo(I, R™), u(t), t € I - given vector-function with piecewise continuous
elements. Usually considers case when the dimension m < n.

Let us use next definitions for problem (1)-(6):

Definition 2.1. If the equation u(t) € U, t € I, transfers the trajectory of the system (1) from
the point xg € R" to the point x1 € R™ when to, t1 > to are fized and satisfy conditions (2)-(6),
then system (1) under conditions (2)-(6) is called controllable, and the control u(t), t € I is
called the program control. If u(t) = u(xz(t),t) € U, then u(x,t) is called position control.

Definition 2.2. Let ty be fized, and value t1 be not fized. The pair (u(t),z(t,u)), t € I corre-
sponding to the smallest value of t1, which satisfies (1)-(6) is called a solution of the problem of
optimal high-speed performance.

Following problems are considered:

Proposition 2.1. It is necessary to find program control u(t) € U(t),t € I, which transfers
trajectory of the system (1) from initial point xy = x(ty) € So C R™ in moment ty to the
point x1 = x(t;) € S1 C R", t1 > to and besides the solution of the system (1) functions
z(t) = x(t; to, xo,u), o € So, 1 = x(t1) € S1, are from the set G(t) C R™. Along the solutions
of the system (1) must be performed integral constraints (4), (5).

Proposition 2.2. It is necessary to find positional control u(x,t) € U for the system (1) under
the conditions (2)-(6).
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Proposition 2.3. Let tg be a given time moment, value t1 > tg is not fived. It is necessary
to find program control u(t) € U which transfer trajectory of the system (1) from initial point
xo = x(ty) € Sp to the given point x1 € Sy in the shortest time t1, — to under the conditions
(2)-(6), where t1, - is the minimal value of t;.

Solving of the problems 2.1-2.3 is being actual both for mathematical control theory and many
applied problems: management of nuclear and chemical reactors, control of spacecraft motion,
management of multi-sector economic models and other.

3. TRANSFORMATION

Consider the integral constraints (4), (5). Let us denote vector-function n(t) = (n:(¢),...,
Mmy (1)), t € I as follows
t

ny(t) = /[< a;(7),2(7) > + < by(r),u(r) Sldr, j=T,ma, tel. (M)
to

From (7) it follows that

n=Ao(t)x + Bo(t)u(t), t €1, (8)
’I’](tl) =c, cey = {6 S Rm2/ Cj =¢j — dj, j= 1,m1,5j = ¢y, (9)
j=m1+1,mg, dj >0, 7= 1,m1}, U(to) =0.
Let’s introduce the following vectors and matrices
x Alt)  Onm ) ( B(t) ) ( u(t) )
= , A1(t) = 2 , Bi(t) = , t) =
= (3) 0= oty o ) m0=( 5y ) 0= (61
where Oy, 4 - rectangular matrix of k X ¢ order with zero elements
a1(t) bi(t)
Ao(t) = : , Bo(t) = : ctel
amg (t) bm2(t)
- matrices of mo X n, mo X m orders respectively
Now the relation (1)-(6) can be written in the following form
€= A(t)e+ Bi(t)u + my(t), t €1, (10)
z(to) ) ( 2y ) ( z(t1) ) <x1 )
to) = = - ) t1) = = = = ) 11
&(to) = &o ( n(t) Ot ) =& n(t) - (11)
(zo,71) € So x S1, &(to) = &0 € So X Omy1, §(t1) = &1 € S1 x O, (12)
PE(t) =x(t) € G(t); P = (In,Onm,), u(t) eU(), tel, (13)

where I, - unitary matrix of nxn order, A;(t), By (t) - matrices of (n+mg) x (n+msz),(n+mg)xm
orders respectively, 7i(t) - is a known function (n + msg) x 1, function n(t),t € I - is the solution
of the equation (8), the set € is described by (9).

Let us note, that relations (1)-(6) are equivalent to (10)-(13). Then problems 2.1-2.3 are
equivalent to the following ones:

Proposition 3.1. It is necessary to find program control u(t) € U(t), t € I, which transfers
trajectory of the system (10) from the initial point & = £(to) € So X Omy,1 in time to to the point
&1 =&(t1) € 51 x Qy,t1 > to besides the solution of the system (10) function £(t) = £(t; to, o, u),
t € I is such, that PE(t) € G(t), t € 1.
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Proposition 3.2. It is necessary to find position control u(PE&,t) = u(P&(t),t) € U for the
system (10) under the conditions (11)-(13).

Proposition 3.3. It is necessary to find program control u(t) € U which transfers trajectory of
the system (10) from the initial point & € Sy X Op,1 to the given point & € Sy X £y in minimal
time t1, — to with the conditions P{(t) € G(t), t € [to,t1,], where t1, - is the minimal value of
t1.

4. INTEGRAL EQUATION

To solve the problems of controllability and high-speed performance we use following theorems
of properties of solutions of the integral Fredholm equation of the first kind from work [1].
Consider the integral equations of the following type

/K to, dt =aqa,tel= [to,tl] (14)

where K (to,t) = || Ki;(to, t)||, ¢ = 1,n, j = 1,m - is a known matrix of n x m order with piecewise
continuous elements by t with fixed tg,t1, u(-) € La(I, R™) - unknown function, operator K :
Ly(I,R™) — R", a € R™ is a given vector.

Theorem 4.1. Integral equation (14) for any fized a € R has a solution if and only if the matrix
tOvtl /K th tOv )dt (15)

of n x n order is positively defined, where (*) - transposition sign, t1 > to.

Theorem 4.2. Let matriz C(tg,t1) be positively defined. Then general solution of integral
equation (14) has a form

u(t) = K*(to,t)C " (to, t1)a + v(t) — K*(to, t)C " (to, t1) /K to,t)u(t)dt, t €1, (16)

where v(-) € Lo(I, R™) - arbitrary function, a € R™ - arbitrary vector.

Solution of the equation (14) has the following properties:
1) function u(t), t € I from (16) can be represented as a sum u(t) = ui(t) + ua(t), t € I,
where u;(t) = K*(to,t)C(to,t1)a, t € I - particular solution of the integral equation (14),
t1
uz(t) = v(t) — K*(to,t) - C~to, t1) [ K(to, t)v(t)dt, t € I, Yo(-) € La(I, R™) - general solution
to
t1
of the homogeneous integral equation [ K (o, t)us(t)dt = 0;
to
2) functions uy(-) € La(I, R™), ua(:) € Lao(I, R™) orthogonal, i.e. uj L ug,
<wui,ug >p, =0;
3) function uy(t) = K*(tg,t)C~(tg,t1)a, t € I - is the solution of the integral equation (14)
with minimal norm in Lo(I, R™).
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5. EXISTENCE OF THE SOLUTION

Solution of the differential equation (10) has a form
t t
f(t) - @(t,to)fo + / q)(t7T)Bl(T>u(T)dT + / q)(t,T)/,Ll(T)dT, te Ia
to to

where ®(t,7) = 5(75)971(7), O(t) - fundamental matrix of the solution of linear homogeneous
system ¢ = A;(t)y. Since {(t1) = &, then

€1 = £(h) = D(t1, to)o + / B(t1, ) By (t)ut)di + / B(ty, typ(t)dt.

It follows that the desired control u(t) € U(t) is the solution of the following integral equation

[ ot0.0B w0 = 0 = o0, 1) ~ &0~ [ @0, 0pm (0 (17)

Theorem 5.1. Let the matrix
31
Wito.t1) = [ ®lt0,0) B0 () (1o, )
to
of (n+mg) X (n+ mg) order be positively defined. Then the control u(-) € Lo(I, R™) transfers
the trajectory of the system (10) from any initial point & € R"™™2 to any final point & € RVT™2
if and only if

u(t) € A={u(") € Ly(I, B™)/ u(t) = v(t) + T1(t)éo + Ta(t)Er+

. (18)
+N1(t)z(t1, U) + Mg(t), Y, U() S LQ(I, Rm)},
where
Ti(t) = =Bi(1)®*(to, )W ! (to, t1), Ta(t) = Bi(t)®* (to, )W ™" (to, t1) @ (to, 1),
Nl(t) = _Bik(t)(b*(tmt)W_l(t()atl)q)(tOvtl): M2(t) = _Br(t)(b*(t()at)
ty
W, t)( [ @0 Ot
to
function z(t,v), t € I - is the solution of differential equation
z2=A1(t)z+ Bi(t)v, z(to) =0, v(-) € Lao(I, R™). (19)

The solution of differential equation (10), which corresponds to the control u(t) € A, is defined
by formula

§(t) = 2(t,v) + Ex(t)€o + Ea(t)6r + pa(t) + Na(t)2(ty, v), t €1, (20)

where

Ey(t) = (L, to)W (L, t1)W L (to, t1), Ea(t) = B(t,to)W (to, )W L (to, t1)®(to, 1),

13 Z/q)(taT)Hl(T)dT‘I’(t,to)W(to,t)W_l(to,tl)/¢(t0,t)ﬂl(t)dt,

No(t) = —®(t1, to)W (to, )W L (tg, t1)®(tg, 1), t € I.
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Proof. As follows from the Theorem 4.1, integral equation (17) has a solution if and only if the
matrix (see (15))

Cltontr) = [ K (to, )K" (b0, )it = [ B(to,0)B1() B (O (o, )t = W (o, 1)

of (n 4+ mg) X (n+ mg) order is positively defined, where K (tg,t) = ®(to,t)B1(t), t € I. Hence,
set A # &, where ® - is empty set. As follows from the Theorem 4.2, general solution of integral
equation (17) has a form (see (16))

u(t) = Bi ()@ (tg, )W " (to, t1)a + v(t) — B (t)®*(to, )W L (to, t1)-

t1
./q>(t0,t)3(t)v(t)dt, W, v() € La(I, R™), (21)
to
where a = q)(to,tl)fl — fo — tflq)(tg,t)ul (t)dt.
Solution of the differentiafoequation (19) can be represented as
t1 t ¢
z(t,v) = /@(t,to)z(to) + / O(t, 7)Bi(m)v(T)dT = /@(t, 7)By(7)v(T)dT,
to to to
where z(tg) = 0. Hence,
t1 t1
“At1,0) = [ Bt BO0(E) = Blt1,t0) [ Dt 0)Br (001 (22)
to to

From (21), (22) follows that required control u(t), ¢ € I is defined by the formula (18).
Let u(t) € A. Then the solution of differential equation (10) can be represented as (20). O

As it follows from the Theorem 5.1 for the set of all possible controls, every element of which
transfers trajectory of the system (10) from & to & is defined by formula (18). For solving the
problem 2.1 (or the problem 3.1) we need to find control u(t) € U x A from the intersection of
sets U and A.

Hence, it is necessary to solve the following two problems: 1) intersection of U and A must
be non-empty set i.e. UNA # ®; 2) we need to find points of the set ¥ = U N A, when ¥ # .

Solution of these problems can be reduced to solving the following optimization problem:
minimize the functional

10,20, 01..0) = [l[o0) + T0)0 + Toe)e + Nafo)2(1.0)+ -
+ua(t) —u(t)? + |w(t) — L(t)PE(E) — 1(t)|?]dt — inf
under the conditions
2=A1(t)z+ Bi(t)v, z(tg) =0, v(-) € La(I, R™), (24)
xo €Sy, x1 €51, de D={de R™/d >0}, (25)

u(t) € U(t), w(t) € W(t) ={w(-) € Lo(I, R*)/ w(t) < w(t) < o(t), a.e. t € I}. (26)
Note that:

X0 Zo

T =110 (o) = Ea0.700) () = Tult)so
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z1

Tt =Ta) (71 ) = (Ta(0. 7)) (%) = Toa(t + T =

C1

= To1(t)x1 + (X1(¢), X2(t)) ( Eg d > = To1(t)x1 — X1 (t)d + TaoT;

Zo

E1(t)éo = (E1(t), Er2(t)) ( O, > = En(t)zo, Ea(t)1 = (E(?),

En(1)) ( - ) = By (t)a1 + (Fi(1), Fa(t)) ( . I ) = By (t)a1 — Fi(t)d+
FEooc, ¢ = (Cl, Co, ... ,sz).
Now the optimization problem (23)-(26) can be written as:
I(U, u, ro, L1, d, ’LU) = /Hv(t) + Tn(t)$0 + Tgl(t)l'l — Zl(t)d + M4(t)+
to (27)
+N1(t)z(t1, U) — u(t)|2 + |w(t) — L(t)P[Z(t, U) + Ell(t):L‘o + E9y (t):El—
—Fy(t)d + ps(t) + No(t)z(t1,v)] — 1(t)[*]dt — inf

under the conditions

2= A1(t)z+ Bi(t)v(t), 2z(to) =0, v(-) € La(I, R™), (28)
u(t) S U(t), xg € So, T1 € 51, w(t) S W(t), de D, (29)
where f14(t) = pa(t) + Toa(t)E, ps(t) = pa(t) + Ex(t)e.

Let
0(t) = (v(t),u(t), zo,x1,d,w(t)) € X = Lo(I, R™) x U x Sy x Sy x Dx W C H =
— Lo(I,R™) x La(I, R™) x R" x R x R™ x La(I, R*), q(t) = (6(t), 2(t1, v), 2(t, v)),
Fo(q(t),t) = |v(t) + Tin(t)wo + Ton(t) w1 — Ba(t)d + pa(t) + Ni(t)2(t1,v)—
—u(t)]® + |w(t) = L) P(t,v) + Ei(t)zo + Bar ()1 — Fi(t)d + ps(t)+
No(t)z(t1,0)] = 1(1)]*.

Now the optimization problem (27)-(29) can be written as:

Minimize the functional
t1

1) = / Folq(t), t)dt — inf (30)

to
under the conditions

L= A1)z + Bi(t), 2(tg) =0, O(t) € X C H, te L. (31)

Theorem 5.2. Let Sy C R", S; C R", U(t) C La(I,R™) be bounded convez closed sets, and
also:

d € Dyy={d€R™/d>0, |[d <po}, v(-) € LI, R™) = {v(-) € Lo(I, R™)/

HU” < P}, W(tﬂvtl) >0,
where pg > 0, p > 0 - sufficiently large numbers.
Then:
1) the functional I1(9), 8 € X1 = LY(I,R™) x U x Sy x S1 x D, x W is convex;
2) the functional I1(6), 8 € X1 reaches the lower bound on the set X, C X C H, I(6,) = I, =
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inf@eXl 1(9), 0. € X, C Xq;
3) for the existence of program control it is necessary and sufficient that I(6) = 0,60, € X,.

Proof. As follows from the hypothesis of Theorem, X; - is bounded closed convex set in H.
Since the function Fy(q,t) > 0 is a quadratic form with respect to ¢, it can be represented in
the form Fy(q,t) = ¢*Q(t)q + 2q*a(t) + b(t), t € I, where Q(t) = Q*(t) > 0, t € I. Then
82207‘1(2‘1’75) = 2Q(t) > 0, t € I. Hence, Fy(q,t) is a convex function with respect to variable q.
Solution z(t,avy + (1 — a)ve) = az(t,v1) + (1 — a)z(t,va), t € I. Since Fo(aq + (1 — a)go,t) <
aFy(qi,t) + (1 — a)Fo(ge,t), t € 1, Yq1, g2, Yo, a € [0, 1], then

t1

t1
(0 + (1 — a)fy) = / Folaqi(t) + (1 — a)ga(t), )dt < a / Folqu(t), £)dt+
to to
t1
+(1—a) /Fo(qg(t),t)dt — aI(01) + (1 — ) I(62), V01,05 € X1, Ya, o € [0, 1].
to
The first assertion is proved. The second statement follows from the weak lower semicontinuity
of I(0) on the weakly compact set X in a reflexive space H.

The necessity of the third assertion of the theorem follows directly from Theorem 5.1 and
UNA # ®. The sufficiency is follows from I(6,) = 0. O

6. PROGRAM CONTROL

As it follows from Theorem 5.2 the program control can be found from the condition 7(6.) = 0,
0. € X, CX; CX CH. If I(A,) =0, then the desired program control

Us(t) = V4 (t) + T11 () Tos + To1 (D) 14 — X1 (t)ds + pal(t)+

FN1(8)2(t1,0.) € Ut), t €, (32)

function
x*(t) = P[Z(t, ’U*) + Eu(t)xo* + Ezl(t)xl* — Fl(t)d* + /1,5(t)+
+No(t)z(t1,v4)] € G(t), t €1,

where 0,(t) = (v«(t), usx(t), Tow, T1x, di, Wi (t)) € X

(33)

Theorem 6.1. Let W (tg,t1) > 0. Then the functional (23) under conditions (24)-(26) is
continuously Frechet differentiable, and the functional gradient

I'(0) = (1,(0), 1,(0), I, (0), I, (0), 15(6), I, (9)) € H

s Lo s Lo
at any point 8 € X can be calculated by the formula

_ OFy(q(t), 1) _ 9F(4(t),1)

16) = 2PUOD gy 1) = 20U
AL I R ) (1) .
*o 6.%'0 1 6$1
IC,[(Q) _ aFO(gc(lt)>t) I{U(G) _ aFO(aqt(Ut)at)

where z(t,v) - solution of the differential equation (24), and the function 1(t), t € I - solution
of the adjoint system

[ oRya(t),1
62(t1)

R .

b= ZUEEE - A 0u(), vln) = . (35)

to
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Furthermore, the gradient of I (0) € H satisfies the Lipschitz condition
HI’(Ql)—I(Qg)H ngGl—GQH, V91,02 e X. (36)

Proof. Let 0(t) = (v(t),u(t),zo,z1,d,w(t)) € X, 0 + A0 = (v(t) + h(t),u(t) + Au(t),xo +
Axg, 1 + Az, d + Ad,w(t) + Aw(t)) € X. Then the increment of the functional
t1
AT =10+ 286) = 1(6) = [Fla(®) + Aa(t).t) = Fala(t) ),
to

where ¢(t) + Aq(t) = (0(t) + AO(t), z(t1,v) + Az(t1,v), 2(t,v) + Az(t,v)),
Ax(t)] < / (¢, 7)B1 ()| |(r)|dr < C / h()dt < Callhl,,, te T,

where Cl = sup H@(t, T)Bl(T)H, to S t,T S tl, CQ = 01\/t1 - to.

As Fy(q,t) has continuous derivatives ¢ and derivatives satisfy a Lipschitz conditions, then

Al = /{h*(f)[FoU(q(t),t) — By ()¢ (1)] + Au™(t) Fou(q(t), ) + AzgFoe, (q(t), )+

8
Az} Fog, (q(t),t) + Ad* Foa(q(t),t) + Aw* Fou(q(t),t) + Z R;,
i=1
where |R| = | 350, Ri| < 322°, |Ri| < C3]|A0]|%. Then from (37) follows that the gradient I’(6)
is defined by the formula (34), where 9 (t), t € I - solution of the equation (35).
Let 61 =0 + A6, §3 = 0. Then from (34) follows

I'(01) — I'(62) = (Fou(q(t) + Aq(t), t) — Fou(a(t), t) — B (t) Ah(t), Fou(a(t)+

(37)

t1 t1
+AQ(t)7 t) - FOu(Q(t)v t)v /[F0xo (Q(t) + AQ(t)v t) - FOzo (Q(t)’ t)]dt’ /[FOm (Q(t)+
FAG(),8) — Fon, (a(t), 0)]dt, / [Foala(t) + Aq(t), ) — Foala(t), ]dt, / Fou(q(t)+
FAQ(), 1) — Foula(t). 1)).
Then
I'(61) — I'(6)] < CalAq(t)] + C5| A ()| + Col| Ag]
I7(61) — T'(62)] = / T(61) — I'(6:)dt < Cr| Ag|> + C / AP, (38)
where ! !
Aq(0)] < 1h(8)] + [Au(t)] + |Azo] + |Az] + |Ad] + [Aw(®)] + |Az(t)] + [A(1)],
lAg|? = / Ag(t) 2t < C(IR]2 + | Aull? + | Ao|? + [ Az |2 + 1A + | Aw|?).
As

Av(t) = Foz(q(t) + Aq(t), 1) — Fo-(q(t),t) — AT(1)Ap(t), t € 1,
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Arp(ty) = — /[FOz(tl)(Q(t) + Aq(t),t) — Fozy)(a(t), 1)]dt,

to
then by applying the Gronwall’s lemma, we obtain
[AY(t)] < Gyl Aql, t € 1. (39)
From the estimates(38),(39) we get || I'(01) — I'(62)|| < 3|61 — 02|, V01,02 € X. O

To solve the optimization problem (30), (31) we construct sequences {6,} C X; C X using
the algorithm:

Un+1 = PL’Q’ [Un, — anI{;(en)]’ Unt1 = Puluy O‘nI/ (9 B
TOon+1 = PSO [xOn - OénI;O (Qn)]a Tin+1 = PS1 [xln - ( n)] (40)
dn+1 = -PD,)0 [dn - an-[(/i en)]a Wp4+1 = PW[wn an ( )]
2
=0,1,2,..., 0 < < 0
n s Ly &y ’ <60_an_l+261a€1>

where | = const > 0 - Lipschitz constant from (36).

Theorem 6.2. Assume the conditions of Theorem 5.2 and that the sequence {0,} C X deter-
mined by the relations from (40). Then:

1) the sequence {0,} C X1 is minimizing, lim, . 1(0,,) = I, =

= infgexl 1(9),

weakl weakl
2) the sequence {0,,} C X1 weakly converges to the set X, C X1, where vy, ey, Vi, Un ety
weakly weakly weakly weakly
u*,a:on —— Tos, T1n —— T1x, dp Ay, Wy — Wy whenn — 00, O, = (Vy, Us, Tow, T1x, di, Wy ) €

Xy = {9* S Xl/ ( *) =1, = 1nf96X1 1(0)}a
3) the following estimation of the convergence’s rate I1(0,) — I, < <, ¢y = const > 0, n =
1,2,...isvalid;
4) function uy(t) € U - is the required program control if and only if 1(6.) = 0, where u.(t),
t € I - weak limit point of the sequence {u,} C U.

Proof. From (40) considering properties of the projection point on the set, we get
< Opy1— O+ I'(0,),0 — 01 >5 >0, V0, 0 € X;. (41)

Hence, in particular when 0 = 0,, € X, we get
<T(On) 00— b1 > 1> 60— O (42)
Since the functional I(#) € C1*(X1), then the following inequality is true
1(01) — 1(62) >< T'(61), 01 — 03 > —%ual O], V01,05 € X1,

Hence, for 6 = 6, 02 = 6,11 we get

l
I(Gn) — I(9n+1) >< [/(Hn), 9n — 0n+1 > _i”gn — 9n+1”, V@n, 0n+1 € Xj. (43)
From (43) considering (42) we get
11
I(0n) = I(0n+1) = (07 - i)Hen - en—‘rlHQ > e1]|bn — 9n+1H2a (44)

n

where — — 5 > €. From ollows that the numerical sequence )t strict ecreasing.
here - — £ > ¢;. From (44) follows that th ical I(0 ictly d i

Since the value of the functional I(#) is lower bounded, then the numerical sequence {I(6,)}
converges. Hence lim,,_,oo[I(0,) — I(0n+1)] = 0. Then ||0,, — 0p41]| — 0 when n — oo.
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Let’s show that the sequence {f,} C X is minimizing. As the functional I(9) € C*!(X) is
convex, next inequality is performed

1(92) — 1(91) << I,(QQ),QQ — 91 >, V91,92 c Xl.
From this inequality when 0, = 6,,, 01 = 0, € X, C X1, X\ # ®, 0,, € X1 we get
1(0,) — 1(0,) << I'(0,),0n — 0 >=<T'(0,),0, — 01 > — < I'(0,),0, — 0, > .

From (41) when 6 = 6., we get

1
<I'(0,),0, — Opy1 >> - <Op— 011,04 — Opiq1 > .

n

Then
1

1(0n) = 1(0<) =< I'(0) = —(0x = 1), O = O >< 1|6 = O (45)
n
where l; = const > 0. As |0, — 0p+1]] — 0 when n — oo, then from (45) follows that
limy, 00 I(0y) = I(6) = I, = infgecx, I(f). This means that the sequence {6,} C X; is mini-
mizing.
Let’s show that the sequence {6,} C X; weakly converges to a point 6, € X. In fact, set

X is weakly compact, {6,} C X;. Hence sequence {0,} C X; has at least one subsequence

{0k,,} C X1 such as 0y, weakly, 0. when m — oo, and besides 0, € X;. As {I(6,,)} converges to

I(0), then {I(0y,,)} also converges to I(6). Since the functional is weakly lower semicontinuous
on X1, then

1(9,) < lim,, oI (0,,) < Tim 1(0k,,) = 1(60.), Ok, Weakly, g, when m — co.

m

mM—r 00

From this we get lim,, , . I(6k,,) = I(0«) = infgcx, 1(6). Thus, in the weak limit point 6, of the
sequence {6,} C X; reaches the lower bound of the functional I(f) on the set Xj.
From the inequality (44), (45) it follows that

an = I(Hn) - (‘9*) < l1||9n - 0n+1||7 Qp — Qpi1 2> 6lHen - 9n+1H2-

Thus, numerical sequence {«,,} satisfies the conditions
€1
an > 0, an—anHZAai,n:1,2,...,A:E. (46)

For numerical sequence {ay} which satisfies the inequality (46) we have the estimate

1 Co l%
an < In? n = 1,2,...7 I(Qn)—f(e*) S g, Cco — g
The last assertion follows from Theorem 5.2. Desired program control is determined by the
formula (32), trajectory of the system (1) under conditions (2)-(6) defined by the formula (33).

O

7. POSITION CONTROL

With using of the program control (32) we can find the position control u.(z,t), t € I.

Theorem 7.1. Assume the conditions of Theorems 6.1,6.2 and besides:

1) x14 = Rios, di = Roxos, vi(t) = H(t)xo«, where Ry, Ro, H(t) - matrices of n x n order,
my X n, m X n respectively;

2) the value 1(0,) = 0;
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3) the matriz X(t) = P[®(t, to)L'(t) + E11(t) + Ea1(t)R1 — Fi(t)Ra+
+No(t)P(to,t1)I'(t1)] of n x n order nonsingular, where I'(t) = jfb(to, T)-Bi(r)H(T)dT, t € .
Then position control u,(x.,t) = K(t)x«(t) + pe(t) where !
K(t) = [H(t) + Tua(t) + Tor () Ry — S1(t) Ry + N1 (t)®(to, t2)T(t1)]Z 7 (¢)

pe = pa — K () Ppus(t), t € 1.

Proof. Control u(t), t € I from (32) can be represented in following form w.(t) = . (t) + pa(t),
where u, = v.(t) + Th1zox + To1(t)x1s — X1(8)ds + Ni(t)2(t1,vs), t € I. Similarly, the function
z4(t), t € I from (33) can be represented as x.(t) = Ty (t) + Pus(t), where T, (t) = Plz(t,vs) +
Erv(t)xos+ E21(t)z1.— F1(t)ds+ Na(t)z(t1, vs)], t € I. Under the condition of Theorem functions
Ux(t), T4(t), t € I equal:

U(t) = [H(t) + T (t) + Toa () B — Za () Ro + Ni(t)@(to, t)L'(t1)]wos, t € 1,
T.(t) = {P[®(t, 1)L () + E11(t) + Ea1(t) Ry — Fi(t) R + Na(8)®(to, t1)I'(¢1)] }ox =
E(t)xo*, tel.

As zox = B7H)Tu (1), then u.(t) = K ()T = K(t)[z4(t) — Pus(t)] = K(t)z.(t) — K(t)Ppus(t).
Then u,(t) = K(t)x.(t) — K(t)Pus(t) + pa(t) = K(t)ze(t) + pe(t), t € I. O

8. OPTIMAL HIGH-SPEED PERFORMANCE. EXAMPLE

Let ¢1. > top be the minimal value of ¢; for which I(6,) = 0 when ¢; = ¢1,. It is necessary to
find u.(t), t € [to,t14], T4(t) = xu(t,us), t € [to, t14] such as:

1) u*(t) S U(t), t € [to,tl*]; 2) Tox € So, Tix € Sl; 3) l'*(t) S G(t), t € [to,tl*]; 4)
9j (@, us) < ¢jy = 1,ma; gj (@, wi) = ¢j, j = ma+ 1,ma.

To solve the optimal control problem it is necessary to solve the controllability problem for

the values t11,t12,..., where t1 > t11 > t1o > ....

Let the problem be solved for the given value ¢; > tg. Let us choose t;; = t1/2. Using the
algorithm we will find w. (), z«(t), t € [to,t11]. If for a given pair the value I(6,) = 0, then we
choose t13 = t1/4 and so on. In case the given pair I(6.) > 0, we choose t13 = 3t;/4 and so
on. Using given algorithm after finite amount of steps we will get approximate solution of the
optimal high-speed performance problem with the needed accuracy.

Example. Minimize the functional

t1

I(u,tl):/1~dt:t1—>inf (47)
0
under conditions
T, = X9, To = u, t € I = [O,tl] (48)
21(0) = x10, 22(0) = w20, x1(t1) = @11, 22(t1) = 221 (49)
u(t) e U={u(-) € Ly(I,RY)/ —1<u(t) < +1lae tell} (50)

For the given example

0 1 0 T T10 T11
A= B= — — — .
(0 0)’ (1)96 (962)’360 (3320>ml (11?21)
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Program control. Consider the problem of controllability for control (48) with boundary condi-
tions (49) when u(-) € Lo(I, Ry). As

eAt:(l t>=9<t>7 9‘1<t>:e—f“=<é ‘f) a(t,m) = A7),

01

then the matrices

t1
. t3 —t2/2
W(0,t) = /e—AtBB*e—A tde = 12/3 f/ , t1 >0,

(3 )2 o B-t/3 (B +17))2
WO, = ( —t2/2 ) » Wit h) = < (7715% +1%)/2 ;1 —t > ’
_ 12/ 6/8% e At (12t 6 6t 4
W 1(0,t1)— ( 1 1 ), Tl(t)—_B e A W 1(0,t1)— (t?—t%, t%—tl>,

6/t7 4/t
\ 126t 6 6t 2

To(t) = B e W0, t)e ™M = (-5 + 5, 5 — —

2(t) ¢ (0 1)e t§>+t§’ 2 )

. A rs— _ 12t 6 6t 2
Ni(t) = =B e "W (0,)e M = (t?’_t?’ _t2+t>=
1 1 1 1

As follows from Theorem 5.1, control

u(t) € A = {u(-) € Lo(I, RY)/ u(t) = v(t) + T1(t)xo + To(t)zy + Ny(t)z(t,v) =

12t — 614 6t — 4t —12t 4 6t4 6t — 2t
v(t)+ | ——— ) 10+ ) x+ | —3— |ru+ 3 Z21+
ty ty ty 11

120760 )+ (282 L 0). Vo, o) € Lo(T, BY)).
<12t 6t1> ) )+<—t+2t1> 1

1

t t
As
3423 — 3t 3+t — 2%
Bu(t) = AW (L 1) WL(0, 1) = f 4
n= . ) 612 — 6tt, 174 3t2 —4tty |’
t t
—2t3 + 3182 3 — 112
Ba(t) = AW (0, W10, £1)e— Al — f f
’ ’ —6t2 + 66ty 32 —2tt; |’
t3 t
23 — 3112 —3 + 1112
Na(t) = =MW (0, )W (0, tr)e A = i i
’ ' 612 — 6tt; —3t2+ 2ty |’
t t
then
3 4+ 23 — 3t2t4 13+ t12 — 262
z1(t) = z1(t,0) + (2 3 )10 + (;—2)1’204-
1 1
—2t3 + 3t t? 3 — tqt? 23 — 3t%t, —t3 + t1t?
(731)5611 + (721)1’21 + (——5—)z(t1,v) + (721)22(7517@),
tl tl tl tl
6t2 — 6tt t2 4+ 3t2 — 4ty —6t% + 6ty
Ta(t) = 22(t) + (Tl)ﬁﬂlo + (lt—g)xm + (T)xn
1 1 1
3t2 — 2tt; 612 — 6tt; —3t% + 2t
(T)Sﬂm (T)Zl(tbv) + (T>Z2(t17v), tel.
1 1
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where 21 = 29, 29 = v, 21(0) = 0, 22(0) = 0, v- € Lo(I, R'), t € I = [0,t1].

To determine the program control of (48)-(50) it is necessary to find the control from inter-
section of the sets A U. Optimization problem (23)-(26) with fixed zg € R?, 71 € R? and no
phase and integral restrictions can be written as

t1
I(v,u) = / [u(t) + T (t)xo + To(t)x1 + Ni(t)2(t1, v) — u(t)|*dt — inf (51)
0

under conditions

i =2, 2o =v, 21(0) =0, 22(0) =0, v- € La(I, R"), u(t) € (52)

Function Fy(q(t),t) = |v(t) + T1(t)zo + Ta(t)zr + Ni(£)z(tr,v) — u(t)]?, when q(t) = (v(t), u(t),
2(t1,v)). As follows from Theorem 6.1, gradient I'(v,u) = (I(v,u), I, (v,u)), where
0, w) = 20— B(e) = 2fo(t) + Ti (0o + Tot)as + Na(t)=(t1, ) — u(t)] — ald),
QWMZ%%=4M@+ﬂ®%+3@m+M®4%M.
As OFy/9z = 0, then ¢y = 0, ¢hp = —11, 1 fgﬁﬂt

t1
— [2NF(t)[v(t) + Th(t)xo + To(t)x1 + Ni(t)z(t1,v) — u(t)]dt.
0
Minimizing sequences {v,}, {u,} are equal to:
Vna1 = Vp — o) (U, Un), Uns1 = Pulun — anll (vn,un)], n=0,1,2,.... (53)

The solution of the optimal high-speed performance problem when x19 = 1, x99 = 11 = 221 = 0.
A. Let us choose the value ¢t; = 8. After solving the optimization problem (51), (52) by
constructing a minimizing sequence (53) we will find

—-1, fo<t< i
Ue(t) = va(t) = ¢ +1, if ¥ <t <4
~-1, if 2 <<

value I(vy,uy) = 0.

B. Let us choose ¢t; = § = 4. For the value ¢; = 4 optimal solution of the problem (51),(52)
will have a form
—1, ifo<t<3;
Un(t) = Vaa(t) =  +1, if 3 <t < 13
—-1, f¥<t<a
value I(Vgx, Usi) = 0.
C. Let us choose t; = % = 2. For the value ¢t; = 2 optimal solution of the problem (51),(52)

will have a form
-1, if0<t<1;
Unsr (1) = Vax(t) = .
+1, if1<t<2.

value I(Viux, Ui ) = 0. Optimal trajectory for the problem (47)-(50)

1—ﬁ, 0<t<l1; —t, 0<t<l;
Tlx = 2 Loy =
2 _2t+2, 1<t<2, t—2, 1<t<2,
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The optimal solution of this problem was implemented in the Matlab. The following graphs
show that result is very similar to the solution which was found using Maximum principle of

Pontryagin.
Control Control
1 T T T T 1 T T T T T
05 1 05
or 0
0.5 1 -0.5
10 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 10 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
xl X2 Xl X2
1 o] 1 [0]
-0.2 0.8 -0.2
-0.4 0.6 -0.4
0.5
-0.6 0.4 -0.6
-0.8 0.2 -0.8
OO 0.5 1 1.5 2 o] 0.5 1 1.5 2 o] 0.5 1 1.5 2 0 0.5 1 1.5 2
a) approximate solution b) analytical solution
(Principle of immersion) (Pontryagin’s maximum principle)

FIGURE 1. Solution of the problem

9. CONCLUSION

One of the complex and unsolved problems of control theory is the existence of solutions of
the boundary value problem of optimal control under phase and integral constraints. To solve
the problems of existence of solutions it is necessary to create a general theory of controllability
of dynamical systems. This work is devoted to solving of the control problem for complex
dynamical systems with boundary conditions and restrictions.

The main results obtained in the work are: allocation of the set of program and position
controls for the process described by linear ordinary differential equations in the absence of
restrictions on the control values by building the solution of a Fredholm integral equation of
the first kind; definition of program and positional control, as well as solving the problems of
optimal high-speed performance in the presence of constraints on the values of control and phase
and integral constraints; reduction of the original boundary value problem with constraints to
a special initial optimal control problem and constructing of minimizing sequences; solving of
optimal control problem by successively narrowing the set of admissible controls.

Scientific novelty of the results is that it was created a general theory of controllability and
optimal performance for a linear ordinary differential equation.
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